We characterize all numbers n and S with the following property: Every instance of the partition problem that consists of n positive integers with sum S possesses a solution, that is, a partition into two subsets with equal sum.
Introduction
An instance of the partition problem consists of a sequence a 1 , . . . , a n of n ≥ 3 positive integers with 1 ≤ a 1 , a 2 , . . . , a n ≤ 1 2 n i=1 a i . The problem is to decide whether the sequence can be split into two parts of equal size, that is, whether there exists an index set I ⊆ {1, . . . , n} such that i∈I a i = i ∈I a i = 1 2 n i=1 a i . Two crucial parameters of a partition instance are the number n of integers in it, and their sum S = n i=1 a i . The partition problem belongs to the class of NP-complete (and hence: computationally intractable) problems; see [1] . This means that partition instances are in general difficult to solve. Concrete instances, however, are sometimes quite straightforward to analyze: For example, it is easily verified that the concrete partition instance 1, 1, 2, 2, 2, 3, 4, 4, 5, 6, 6 with parameters n = 11 and S = 36 has answer YES. In fact we will see that every partition instance with parameters n = 11 and S = 36 has answer YES. The instances 2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3 and 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 14 demonstrate that for n = 11 and S = 32 and also for n = 11 and S = 34, the answer might be NO. This short technical note fully characterizes the combinations of n and S for which a partition instance automatically has answer YES: 
For all other combinations of the parameters n and S (that are not covered under (a)-(c)), there exist partition instances with answer NO.
Let S(n) denote the largest integer S, for which every partition instance consisting of n integers with sum S has answer YES. Theorem 1 yields that S(3) = 4, S(4) = 8, S(5) = S(6) = 12, S(7) = 16, and that S(n) = 12 (n − 2)/3 for n ≥ 8.
Proof of the theorem
The following straightforward observation will be useful for some of our inductive arguments. Lemma 2. Any partition instance a 1 ≤ a 2 ≤ · · · ≤ a n with S ≤ 4n − 8 and S = 0 (mod 2), and with a 1 = 1 and a 2 ∈ {1, 2} has answer YES.
Proof. By induction on n. For n = 3, the only possible instance 1, 1, 2 has answer YES. For n = 4, the only possible instances are 1, 1, 1, 1 , 1, 1, 1, 3 , 1, 1, 2, 2 , 1, 1, 2, 4 , 1, 1, 3, 3 , 1, 2, 2, 3 , and 2, 2, 2, 2 ; they all have answer YES. For the induction step with n ≥ 5, we will distinguish four cases that depend on a n−1 and a n .
(Case 1): a n > a n−1 ≥ 2. Define a new instance by replacing a n−1 and a n by the new number a n − a n−1 . The new instance consists of n − 1 integers that add up to S − 2a n−1 ≤ S − 4 ≤ 4(n − 1) − 8. Hence, by the inductive assumption the new instance has answer YES. Lemma 1 yields that also for the original instance the answer is YES.
(Case 2): a n > a n−1 = 1. Since a 1 + · · · + a S/2 = S/2, the instance has answer YES.
(Case 3): a n = a n−1 ≥ 4. Consider the new instance a 1 , . . . , a n−2 that results from deleting a n−1 and a n . The new instance consists of n − 2 integers whose sum equals S − a n−1 − a n ≤ S − 8 ≤ 4(n − 2) − 8. Hence, by the inductive assumption the new instance has answer YES. From Lemma 1 we get that also the original instance has answer YES.
(Case 4): a n = a n−1 ≤ 3. We greedily put the items a 3 , a 4 , . . . , a n into an empty box of size S/2, until no further item fits into the box. Since all items have size at most 3, the remaining empty gap is at most 2. This gap can be filled by items a 1 and/or a 2 . The items in the box yield the desired partition.
Lemma 3. Any partition instance a 1 ≤ a 2 ≤ · · · ≤ a n with S ≤ 3n − 3 and S = 0 (mod 4) has answer YES.
Proof. By induction on n. For n = 3, the only possible instance 1, 1, 2 has answer YES. For the induction step with n ≥ 4, we first note that a 1 ≤ 2 (otherwise S ≥ 3n must hold, and this would contradict the assumption S ≤ 3n − 3). We will distinguish three cases that depend on a 1 and a n .
(Case 1): a 1 = 1. If a 2 ≥ 3, then S ≥ 1 + 3(n − 1) = 3n − 2 would contradict the assumptions of the lemma. Therefore a 2 ∈ {1, 2}, and the claim follows from Lemma 2.
(Case 2): a 1 = 2 and a n = 2. Then a k ≡ 2 for all k. Since a 1 + · · · + a n/2 = n = S/2, the instance has answer YES.
(Case 3): a 1 = 2 and a n ≥ 3. Define a new instance by replacing a 1 and a n by the new number a n − 2. The new instance consists of n − 1 integers that add up to the sum S − 4; this sum is divisible by 4 and less or equal to 3(n − 1) − 3. By the inductive assumption the new instance has answer YES, and by Lemma 1 also the original instance has answer YES.
Lemma 4. Any partition instance a 1 ≤ a 2 ≤ · · · ≤ a n with S ≤ 4n − 8 and S = 0 (mod 12) has answer YES.
Proof. By induction on n. For n ≤ 4 there are no feasible values S. For 5 ≤ n ≤ 7, the only feasible value is S = 12 ≤ 3n − 3; these cases are settled by Lemma 3. For the induction step with n ≥ 8, we first note that a 2 ≤ 3 must hold (otherwise S ≥ 1 + 4(n − 1) = 4n − 3, and this would violate the assumption S ≤ 4n − 8). A similar argument shows that a 3 ≤ 3. We will distinguish three cases and several subcases.
(Case 1): a 1 = 1 and a 2 ∈ {1, 2}. Then the claim follows from Lemma 2. (Case 2): a 1 = 2 and a 2 = 2. First, consider the subcase where a k is even for all k ≥ 3. Then the instance can be scaled to the equivalent instance a 1 /2, a 2 /2, . . . , a n /2 . Lemma 2 settles this subcase, since in the new instance the sum is even and the two smallest numbers are equal to 1. Next, consider the subcase where a k = 3 for some k ≥ 3. We create a new instance by replacing a 1 and a k by the new number a k − a 1 = 1. The new instance consists of n − 1 integers that add up to the even sum S − 4 ≤ 4(n − 1) − 8. Moreover, the two smallest numbers are 1 and 2. By Lemma 2 the new instance has answer YES, and Lemma 1 carries this answer YES over to the original instance.
In the remaining subcase, the integer 3 does not show up as part of the instance. Together with a 3 ≤ 3, this implies a 3 = 2. Furthermore, the instance must contain some odd number a k ≥ 5. And since S is even, the instance must also contain another odd number a ≥ 5 with = k. We create a new instance by replacing the five numbers a 1 , a 2 , a 3 , a k , and a by the two numbers a k − 4 and a − 2. The new instance consists of n − 3 numbers that add up to S − 12 ≤ 4(n − 3) − 8; this sum is divisible by 12. By the inductive assumption the new instance has answer YES. By applying Lemma 1 twice, we get that also the original instance has answer YES.
(Case 3): a 1 ∈ {1, 2, 3} and a 2 = 3. Since a 3 ≤ 3, we get that a 3 = 3 must hold. First, consider the subcase where a n−1 ≥ 4. We create a new instance by replacing the four numbers a 2 , a 3 , a n−1 , and a n by the two number a n−1 − 3 and a n − 3. The new instance consists of n − 2 positive integers that add up to S − 12 ≤ 4(n − 2) − 8; this sum is divisible by 12. By the inductive assumption the new instance has answer YES, and Lemma 1 carries this answer over to the original instance.
The remaining subcase has a 2 = 3 and a n−1 = 3, and hence a k = 3 for 2 ≤ k ≤ n − 1. Since S ≤ 4n − 8 is divisible by 12, the number S/2 ≤ 2n − 4 is divisible by 3. Therefore, an appropriate subset of a 2 , . . . , a n−1 forms a solution of the partition instance.
Finally, let us prove Theorem 1. For part (a), consider an instance a 1 ≤ a 2 ≤ · · · ≤ a n with an even sum S ≤ 2n−2. Then a 1 = 1 (since otherwise S ≥ 2n) and a 2 ≤ 2 (since otherwise S ≥ 3n −2). Lemma 2 yields that such an instance has answer YES. The statements in parts (b) and (c) follow directly from Lemma 3 and from Lemma 4, respectively.
It remains to show that for all other combinations of the parameters n and S (the combinations that are not covered under (a)-(c) in Theorem 1), there do exist corresponding partition instances with answer NO. We will first consider four cases (A)-(D) that depend on the value of S modulo 12.
(A) S (mod 12) ∈ {1, 3, 5, 7, 9, 11}.
Then S is odd, and S/2 is not an integer. Every such partition instance with sum S has answer NO. (B) S (mod 12) ∈ {2, 6, 10} and S ≥ 2n.
Then S/2 is odd. Consider any instance where a 1 = a 2 = · · · = a n−2 = 2 and where a n−1 and a n are two even integers with a n−1 + a n = S − 2n + 4 and a n−1 , a n ≤ S/2. Since even integers cannot have an odd sum, every such instance has answer NO. (C) S (mod 12) ∈ {4, 8} and S > 3n − 3.
Then S/2 is an integer that is not divisible by 3. Consider any instance where a 1 = a 2 = · · · = a n−2 = 3, and where a n−1 and a n are two integers with a n−1 + a n = S − 3n + 6, with a n−1 , a n ≤ S/2, and with a n−1 divisible by 3. For any subset of these n integers, the sum is either divisible by 3 or it is congruent s modulo 3. Since in either case the sum cannot be S/2, every such instance has answer NO. (D) S (mod 12) = 0 and S > 4n − 8.
Then S = 12t where t is an integer. Consider any instance where a n = 6t − 1 and where a 1 , . . . , a n−1 are all ≥2; such instances exist since 6t ≥ 2(n − 1). Since no subset of these integers can add up to 6t, every such instance has answer NO. Now let us consider the cases that are not covered under (a)-(c) in Theorem 1. First, consider an integer S ≤ 2n − 2 that is not covered under (a) in Theorem 1: Then S is odd, and the construction in (A) yields a corresponding instance with answer NO. Secondly, consider an integer S with 2n ≤ S ≤ 3n − 3 that is not covered under (b) in Theorem 1: Then S is either odd or S (mod 12) ∈ {2, 6, 10}. The constructions in (A) and (B) yield corresponding NO-instances. Thirdly, consider an integer S with 3n − 3 < S ≤ 4n − 8 that is not covered under (c) in Theorem 1: Then S is either odd or S (mod 12) ∈ {2, 6, 10} or S (mod 12) ∈ {4, 8}. The constructions in (A)-(C) yield corresponding NO-instances. Finally, consider an integer S with S > 4n − 8. Then one of the constructions in (A)-(D) yields a corresponding NO-instance.
This completes the proof of Theorem 1.
